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Abstract. We show that the temperature and frequency dependence of the A¢ susceptibilities
x(ev)in the 2D and 30 =+ J Ising spin glasses (SGs) can be repraduced by a model based on the
picture of motion in phase space as thermally activated hopping in an ultrametric space. The
characteristic difference in the frequency dependence of Im y(w) in the 20 and 3D 5Gs,
previously found by the Monte Carlo (M) simulation, is reduced to a difference in a scaling
of free-energy barriers with ultrametric distance. One assumption is needed to combine
dynarnics in an ultrametric space with a correlation function of the magnetization in the sas.
x{w)-values that were obtained previously by the MC simulation are reproduced based on
our assumption with better results than those of Sibani. Further the relation obtained by the
Lundgren et af Im 3 = — (x/2)[d(Re x)/d(In @)] holds without taking a special limit z — 1,
where z is a branching ratio of the hierarchical structure.

1. Introduction

Recently ac susceptibilities y(w) and relaxation time distribution g(z) in the =J Ising
spin glasses {sGs) were calculated by Monte Carlo (MC) simulations, and characteristic
differences were found in the two-dimensional (20) and three-dimensional (30) systems
by Suzuki, Shirakura and inawashiro (ss1) (1991). In this paper we intend to reproduce
those behaviours by a model based on the picture of motion in phase space as thermally
activated hopping in an ultrametric space.

Since Mezard et af (1984) showed that many pure states in the mean-field sG (Sher-
rington and Kirkpatrick 1975, Parisi 1980) are separated by free-energy barriers defining
an ultrametric topology, much research has been devoted to dynamics in an ultrametric
space (Ogielski and Stein 1985, Bachas and Huberman 1987). However, there have
been only a few investigations which make detailed comparisons between $G dynamics
and the dynamics in an ultrametric space. Sibani (1987) intended to reproduce the
temperature and frequency dependence of the AC susceptibility y(w) in a sG using
the dynamics in an ultrametric space. Although he stated that his results and many
experiments are in qualitatively good agreement, we suppose that there are many
disagreements between them, even for qualitative behaviour. For example, the peak
height of the imaginary part Im y(w) of the AcC susceptibility given by Sibani increases
with decreasing frequency w. On the other hand, in many experiments on $Gs with a
finite transition temperature (Gunnarsson ef al 1988) and in the MC simulation of the
3D = J Ising sG by ssi, the peak height of Im () decreases with decreasing w. Also, as
indicated by Sibani himself, the magnitude of {Im y(w)]/Re ()] in his results is larger
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than that in many experimental results on sGs. Further the relation Im y(w) = (—x/2)
{d[Re y(w)]/d(In w)} obtained by Lundgren, Svedlindh and Beckman (1LsB) (1981) and
observed in many experiments on SGs does not hold in his model, except for a special
limit z— 1, where z is a branching ratio of the hierarchical structure.

We think that an assumption made by Sibani (1987) in order to combine the dynamics
in the ultrametric space with the correlation function C(¢) of the magnetization in sGs is
not appropriate. In this paper we present another assumption. On the basis of this
assumption and the model presented by Ogielski and Stein (0s) (1985) with a fixed value
of z = 2 in the ultrametric space, we show that x(w)- and g(r)-values in the 2D and 3D
+J Ising sGs can be reproduced, including even the difference in their characteristic
features.

In section 2 we briefly describe the 0s model and present one assumption in order to
combine the dynamics with C(7) in $Gs. Then we derive expressions for y(w) and g(r).
Insection 3 these are calculated numerically and estimated analytically in three different
cases, and the results are shown to resemble those of the experiments and the mc
simulation. Section 4 contains a discussion.

2. Model and dynamical physical quantities

First we describe the 08 model defined in an ultrametric space. The notation used in this
paper is the same as in the work by 0s and by ssI.

We consider the hierarchical structure of a branching ratio z = 2 (see figure 1 in the
paper by 0s). The number of hierarchical levels is assumed to be # + 1. The 2" points on
the top level are numbered as 0,1,2,..., 2" — 1 and considered to correspond to
metastable states in the high-temperature phase of the sG. The ultrametric distance d
between two points is given by the number of branches that one must descend from the
top level before the branches merge. Two points with the ultrametric distance d are
supposed to be separated by the free-energy barrier A, which is ranked so that
A<A <. .. <A,

This problem is formulated as a random walk on the top level points. Let the
probability of the particle being found at site / at time ¢ be given by P(f); hence,
2258 P(H) = 1. Further, let the probability per unit time of jumping an ultrametric
distance of d be given by £,,d = 1,2,. .., n. 05 obtained a solution for P(y) with the
initial condition Py(0) = 1, P{0) = 0 (i = 1), and the average distance travelled in time
t given by

2n-1 n
@ey= 2 dk, 0P () =n—1+2""— 2 (1 - 27"y exp(—A ) (1
where k=0 e
A, =a, + 2 a a, =2%1g, 2)
k=m

and d(k. f) is the ultametric distance between site k and site j. Because g, = 2¢" g,
represents the probability per unit time of jumping to any of the 2*~ sites a distance &
from a given starting site, we assume that g, = exp(— A,/T) at temperature T.

Next we combine the above results with dynamical physical quantities in a sG. We
assume that the correlation function C(f) = [(M(0)M(r)}],, of the magnetization in a sG
decreases in proportion to the average distance {d(1)}, i.e.

C)/N =1 —{d()/(n —1+27") (3)
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Fignre 1. Re % and [m §# versus T/J for case I with A/7 = 0.014 and w = 27/20 (X)), 27/200
(&) and 21/2000 (T3): {a) n = 1000; (&) n = 1400J/(T — T,) where T,/ = 0.3.

where N is a number of spins and the factor n — 1 + 27" is determined to ensure

lim,_... C(t} = 0. From (1) and (3), we obtain
< _ i (1 —2"m) exp(—An!)

N me=1 n— 1 + 2-"
A relaxation time distribution g(r) is defined by
- stren( 1)
N fo dr g(7) exp )
Comparing (5) with (4), g(t) is given by
_y -2 ( _ L)
0= 25150\ 1)

The Ac susceptibility y(w) is determined from g(t), as follows:

g(7)

. =x(w)_1r
) = N _TO drl—iwr'

(4)

()

(6)

™)

The validity of assumption (3) will be discussed in section 4, compared with Sibani’s

(1987) assumption.

3. Results

Inthissection, we first give numerical results for 7(w) and the relaxation time distribution
£(logy, T) on a logarithmic scale (section 3.1). We consider three cases: case I, A, =
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Figure 2. g(log,o r) versus log,, 7 for case T at T/J = 2.3 3, 1.9(0), E5(A) 1.3(X)

and 1.1 (...) with A/J = 0.014 and n = 1400 7/(T — T,) where T,/7 = 0.3, .

mA;casell, A, = Alnm;case lII, A,, = m*A, 0 < & < 1. Incase I, }{w) and the slow
part of g(log;; T) in the 3D = J Ising 5G can be reproduced. In case III with & = 0.5, the
values for the 2D = J Ising 3G can be reproduced. The results for case 11 resemble those
obtained by Sibani (1987). In each case, analytic results for (6) and (7) are also discussed
(section 3.2).

3.1. Numerical results

In the numerical calculation of #{w), we fix the frequencies at @ = 27/20, 27/200 and
27/2000, and we choose n = 1000-2000, In the above three cases (I, Il and 111}, A/J was
chosen such that the temperatures at which Re 7(w) exhibits a peak in the range 1 < T/
J<2. }

3.1.1. Case I: A, = mA. ¥(w)-values for A/J = 0.014 are shown for n = 1000 and n =
1400 /(T — T,) where T./J = 0.3 in figures 1(a) and 1(b), respectively. #(w) in figure
1({b) resembles the #(cv) obtained by ssiin the 3 Ising SG at the following points: at low
temperatures, Im () exhibits no frequency dependence and is proportionalto T — T,
where T, = 0.2J which is estimated from figure 2{b) of ssi. g(log,, T)-values for n =
1400 /(T — T;) with T,/J = 0.3 are shown in figure 2 at several temperatures. These
#(log,o T)-values are also similar to those for the 3D Ising $G, except for the fast parts of

g(logyo 7).

3.1.2. Case ll: A,, = Allnm. #{w)-values for A/J = 1.5 are shown forn = 1000 and n =
1000 J/T in figures 3(a) and 3(b). respectively. The difference between #(w) for n =
1000 and n = 1000J/T is small in this case. We see that the magnitude of [Im #(w)]/
[Re %(w)] is larger than the experimental values (see, e.g., Dekker ez af 1989) and the
behaviour of #{w) resembles that obtained by Sibani (1987). g(log,, T) versus log,, T for
n = 1000J/T is shown in figure 4. The peak of g(log,, 7) is too sharp, compared with
those of the slow parts of g(log,, 7) for the 2D Ising sG (see figure 6(a) of ss1).

3.1.3. Caselll: A, = m*A, 0 < & < 1. Here we show numerical results only for & = 0.5.
#(w)-values for A/J = 0.45 are shown for # = 1000 and n = 1200/ Tin figures 5(a) and
5(b), respectively. Good similarities between this case and the 2D Ising SG can be seen
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Figure 4. §(fog,p 7) versus logo 7 for case Iat T/ = 2.2 (——), 1.4 (), 1.0{A) and 0.6
(%) with A/J = 1.5and n = 1000 J/T.

for the magnitude of [Im §(w)]/[Re #(w)] and the frequency dependence of the peak
value of Im %(w). The temperature dependence of r will be discussed in detail in section

32

Figure 6 shows g(log, 7} versus log,o 7 at several temperatures when n = 1200 J/T.
These g(log;o r)-values are markedly similar to the slow parts of g(log,q 7} for the 2D
Ising sG (see figure 6(a) of ssi).

3.2. Analytical results

First we calculate #(w) analytically from (7) for A, <€ w <€ A4, and examine whether or
not the LsB relation holds for each of the cases I, II and III. Then we discuss long-time
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Figure 6. §(log;, 7) versus log,q t for case Il at T/J = 2.2 (———1), 1.4(0), 1.0{A}and 0.8
(%X)ywithA/J =045, 0 =05andn = 12007/T.

behaviour of C(¢) for A;! > £ A;"! using the fluctuation dissipation theorem (FDT),
C{w) = (2T/w) Im x(w). We also study the temperature dependence of the average
relaxation time 7, = [ dr 1g(1).

From (6) and (7). £(w) and 7, are expressed by

1« Ap

(8)

©
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where we assume that # is an integer so large that the factor 1 — 27" in (6) can be
neglected, and the 27 terms can also be neglected, unless only first a few terms in the
sum make dominant contributions. The condition that the 27 terms can be neglected
in the calculation of #(w)is 4, > A, > ... & w, and hereafter we concentrate on only
thecase when i, > A;> ... 2o® ... >4, >4,

3.2.1. Casel: A,,=mA. From (2), A,,is given by

A = (2R™ — R™*! — R™1)/(1 — R) R=exp(~A/T). (10}
Substituting (10) into (8) and converting the sum to an integral
(8., .~ [Tdx...), #(w)is given by

i Rr(2-R) 1~ Rn+l z
#(w) = ar
TnlnR RE2-R) z—R"! —iw(l - R)

using an integration variable z = (2 — R)R*. The R""!/z term in the integrand can be
neglected for A, > @ ¥ A, and finally we obtain

#w) = (1/nAYIn[R@2 — R)/(1 - R)] — In(—iw)}
= (1/nAYIn[R(2 — R)/(1 — R}] — In w + i(x/2)}. (11)
This result reveals two important properties.

{a) The Lse relation holds exactly for A, & w4,

(b) Im %{w) exhibits no frequency dependence for A, ® w & A,.

From (b) and the o1 C(w) = (27/w) Im F(w), we see that the fluctuation spectrum
of the magnetization exhibits 1/f-noise behaviour, and the long-time behaviour of C(¢)
is the In r relaxation because C(¢) = [V dw C(w) = €, — C, Int. The condition @ > 1,
is satisfied in the low temperature, and (11) almost coincides with the numerical results
in section 3.1 below the temperature at which Im #(w) exhibits a peak.

By performing a similar calculation, t,, is given by

T, ={T(1 = R)/nAR]In[(2 = R)/(2 — 2R)] exp(nA/T). (12)
If we assume that n = ngJ/(T — T,), where ng is a constant, for which () in the 3D

Ising sG can be reproduced more accurately, we obtain a Vogel-Fulcher-like form
Tay * exp[nOJA/T(T - TJ)-

3.2.2. Case II: A, = A In m. This case corresponds to neither the 3D Ising $G nor the 20
Ising 5G, and so we simply describe only the results. As pointed out by 0s, when A/
T=< 1, {d(r)) does not converge in the limit n— ¢, and therefore we assume that A/
T > 1. For frequencies in the range A, » @ ¥ 4,, it is shown that Im #{w) « 1/w, and
the LB relation does not hold, as easily expected from the narrowness of the peak width
of #(log,, T) as shown in figure 4 (Lundgren et @/ 1981). The long-time relaxation of C(f)
is proportional to 7 in the narrow range A,! ¢ AL

3.2.3. Case IlIl: A,, = m"A,0 < o < 1. First we give an approsimate expression for A,
to estimate the sums of (8) and (9). Substituting a,, = R™" into (2) and converting the
sum to an integral, we obtain

o = R 4 J dx R*°. (13)

Replacing the variable x by z = x*In R, we estimate the integral in (13) as
z( —a)fe

n n®lnR
de*“-*—-J- dzexpz———7
jm m®InR a’(ln R}U“
~bym!"*R™ — b n'"*R™ + O(m!~*R"*) (14)
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where by = ~ 1/(aIn R) = T/aA and the last equality in (14) is derived by partial
integration. When n® m » 1, A, is given by

Ap =bym'~*R™, (15)
Whend, ® w » A, and & is not too small, the main contributions in (8) and (9) will come
from summations in the range m, n — m > 1. Therefore we approximately use (15) for
A in the following calculations.

We first calculate the Ac susceptibility. Substituting (15) into (8) and converting the
sum to an integral, we obtain

1 n x 1- ERxT
() ]’"nj1 xR —iw/b, (16)
As we could not evaluate the integral -
n xl—ch.rﬂ'
f(“)=L SR T g -

analytically, we estimate it numericallyforR » ¢ & n'=*R"° Weobtained, forexample,
flay=—¢&lna+ &(Ina)for @ = tand fla) = — ¢, Ina + ¢x(lna)? — éxlna)’ for v =
3. From these results we expect that f{a) is well described in a form of kth polynomials
of In a for & = 1/k. Hereafter we assume that this expectation is correct.

Comparing these results with those of the MC simulation by $s1, we find that ¥(w) in
the 2D Ising 5G can be betier reproduced for o = § for the following two reasons.

(i) At low temperatures Im §{w) obtained by the MC simulation can be roughly
regarded as Im #(®) = ¢, — ¢y In w (¢, c; > 0}. This corresponds to the case when a =
1in (16).

(ii) In the MC simulation, the LsB relation well holds in the 2D Ising SG as well as in
the 3D Ising sG (Suzuki et @/ 1991). There are only two cases, & = 1 and a = }, where the
LSB relation exactly holds in our calculation (the terms, proportional to {In{—iw)]?,
fin{—iw)]*, ..., which viclate the LSB relation appear for & = 1/k, k = 3). This also
supports o =4,

Therefore, assuming that & = &, we consider the temperature dependence of nin the
2D Ising SG, comparing the above results with those of ss1. From the least-squares fitting
for R-values in the range .65 > R > (1.4, we obtained

fla)y = —4.55(=1/In R)*7 Ina + 1.196(— 1/In R)"™(In a)?,
This suggests a functional form, f{a) = — &, T*Ina + &,7(In a)*, where ¢, and &, are
positive constants, Then, assuming this and n = 1,/ T?, we obtain from (16)

Im #(@) = (T° /ng) Im f(~iw/b,) = (xT°~1 [2ny)[¢, T? = 26, T In(w/b,)].  (17)

From (17) the coefficient of In @ in Im }(w) is proportional to T**2, We estimate
that 0 =< § < I from the temperature dependence of the coefficient of In w in Im #(w)
obtained by ssIin the 2D Ising G, although it is difficult to determine & accurately owing
to large scatter in the data.

Asfor the long-time relaxation of C(#), itisshown from C(f) = [V dw(2T/w) Im x(w)
and Im f(w) = ¢; — ¢; In w that C(£)/N = ¢y — 2T¢, Int — Tey(In £)2,

Finally we evaluate the average relaxation time 7,,. Substituting (15) into (9) and
converting the sum to an integral, we obtain

=i e e () <2 o (1) -ew (7)) :
v ] exp (~ ) =~ exp (=) —exp (F) | (18)

If we assume that n=ny/T5 1, follows the generalized Arrhenius law
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Ta & T® exp(n§A/T°), where o=1+ 8a. From the above results (o =% and
0= 8 < 1), we obtain 1 < ¢ < 1.5. This value of ¢ is consistent with that obtained by sst
for the 2D Ising sG.

4., Discussion

First we compare our results with those of Sibani and discuss the origin of the difference
between them. On the basis of an assumption different from (3), Sibani (1987) obtained
a correlation function C(f) and AC susceptibilities simmlar to those for case I1. Further he
showed that the Lsg relation holds only in the limit z— 1. On the other hand, we show
in this paper that #{w) in the 2D and 3D = J Ising $Gs can be reproduced in the 08 model
on the basis of assumption (3). It is shown that the difference between the 3p and 2D
systems corresponds to adifference inthe scaling of free-energy barriers with ultrametric
distance, i.e. a difference between k = 1and 2in A, = m"*A, and that the LsB relation
holds exactly for both cases k¥ = 1 and £ = 2 with a large enough number of levels n 3 1
and i, > 0 ¥ A,.

Thus our results are a better approximation for the real experimental results than
Sibani’s results. We think that these differences come from the use of different assump-
tions. These assumptions are roughly expressed as follows: our assumption is

@ _s
N i
and Sibani's assumption is
c() 2n-1 24(k.0)
N = Z‘a (1 g ) P(0)
where z > 1. In Sibani’s expression for C(f), only the terms with a few d{k, 0) close ton
contribute relevantly to the relaxation of C{f), except for the limit z — 1. This makes
the density of the slowest part of g(log;, 7) considerably larger than our value. Therefore
it is supposed that in Sibani’s assumption a peak width of g(log), 7} large enough to
reproduce the experimental AC susceptibilities could not be made even at low tem-
peratures,

In this paper, we express the correlation function C(¢f} by means of the average
uitrametric distance (d(z)) using (3) and get good agreement between the present results
and those in the previous mMc simulation. There remains, however, one difficulty to be
overcome in order to reduce the dynamics in the 3p = J Ising $G to the dynamics in case
I. This is the temperature of the phase transition and the behaviour of the temperature
dependence of 1,,. At present as the result of large-scale simulations in both space and
time (Ogielski 1985, Bhatt and Young 1985), it is believed that the phase transition
temperature 7, in the 3D * JIsing sGis Tg/JT = 1,175 = 0.025 and 7, exhibits a divergent
behaviour near T, according to the power law. On the other hand, if we assume that
ne 1/(T — T,) in case I which reproduces the best §(w) for the 3D Ising sG, the phase
transition temperature could be regarded as T,(=0.2.J) and t,, exhibits a divergent
behaviour near T, according to a Vogel-Fulcher-like law.

In order to overcome this difficulty, there are several possibilities to be considered.

(1) There is the possibility that the dynamics on a time scale investigated for (w) by
sst could be essentially different from those on a long-time scale near and below the
critical temperature.
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(2) The mode} of the dynamics in an ultrametric space used in this paper is the
simplest. There might be the possibility that another more compliicated model of
dynamics in an ultrametric space could overcome this difficulty.

Because of possibility (2), the characteristic properties in a variety of models of
dynamics in an ultrametric space should be studied. In order to investigate possibility
(1), AC susceptibilities with longer cycles should be studied by the MC simulation in larger
systems. If possibility (1) were true, we might observe a crossover behaviour for small
frequencies from Im y(w) = constant found by sst to Im y(w) = [In w|~**+% predicted
by Fisher and Huse (1986, 1988), based on an ansatz for the scaling of low-lying large-
scale droplet excitations.
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